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Problem 1. The matrix A= a 1 0] isgiven, a>0 and k>0.Let n be a natural
a“ -a 1
number.
a) Find A";

b) Find the values of n for which the sum of the elements of A" has the largest value
if a=2 and k=2021?

Solution: a) Sequentially we calculate

1 0O O 1 0 O 1 0O O
AP=| 2a 1 0|, A°=| 3a 1 0, A'=| 4a 1 0],
2a-a®> -2a 1 3a“-3a® -3a 1 43" -6a®> —4da 1
1 0O O
A® = 5a 1 0].

5a —-10a*> -5a 1

1 0 O
We can conclude that A" = na 1 0].
n(n-1
na“ ——( > )a2 —na 1

This result can be proved by induction.

b) When a=2 and k=2021 f(n)=-2n"+2(1+2°*).n+3.
2020
_2(1+2 ):1+22020 :22019-’_1
2.(-2) 2 2
As the value of n is not an integer, the largest value of f(n) is obtained when

The maximum of this function is obtained for n, =

nlzno—%:22019 and nl=n0+%=22019+l.

Notice: The problem also makes sense when n<0.



Problem 2. In the plane Oxy the line g:4x—5y+3=0 and the points A(2,-6) and
B(5,—2) are given. Find:
a) point C onthe line g suchthat AABC is an isosceles triangle (AC=BC);

b) point D onthe line g suchthat AABD has an area of 10;
c) point P ontheline g suchthat AABP has the smallest possible perimeter.

Solution: a) The point C lies on the bisector s of the line segment AB. The line s goes through the

midpoint M (%,—4} of the line segment AB and it is perpendicular to the vector ﬁ(3,4) , SO it

has the following equation s:6x+8y+11=0.
0:4x-5y+3=0 ( 79 1§J
= C .

The coordinates of C are the solution of the system
S:6x+8y+11=0

2 -6
b) Let D(Xp, Yy ). The area of the triangle AABC SABD=%| 5 -1 1}=10, whichis
Xo Yo

equivalentto —4x, +3y, +26+20=0. Since D e g the equality 4x, -5y, +3=0 is satisfied.

The system of the last two equations has two solutions: D'[%%) and D”(%,%j.



c) Let A’ isthe point, which is symmetric to A across g. Let P is the intersection of A'B and
g,and P’ isan arbitrary point from g. If the perimeters of AABP and AABP’ are respectively p
and p’ then

p'=AB+ AP +BP'=AB+AP'+BP > AB+ AB=AB+AP+PB=AB+AP+PB=p.

The equality p’= p is satisfied then and only then P’=P. Hence the sought point is
P=gnAB.

Let the line t goes through point A(2,—6) and it is perpendicular to the line g (tJ_ﬁ(5,4)). The

equation of t is 5x+4y+14=0. Therefore g:Ax-5y+3=0 and T(—2,—1). From the
t:5x+4y+14=0

coordinates of A and T we obtain A'(-6,4) and the equation of the line AB is

AB:6x+11y—-8=0.



From the system

g:4x-5y+3=0 7 25
we get Pl —,—|.
A'B:6x+11y-8=0 (74 37)

Problem 3. Prove the inequalities:

a) igx>x if X€|:O,%j;
2 2
b) In 2C0S X X e {7[ ﬂ'j.
J3 72 2 62

Solution: a) Let f (x)=tgx—x, Xe[O,%j.

Its derivative f '(x) =

o x ~1=tg’x>0. Therefore f(x) is increasing and

f(x)>f(0)=0 ie. tgx>x.

b) Let f(u)=tguand f,(u)=u. From a) we have f,(u)>f,(u), %3u§x<% =

X 2

x x x x sinu u? xd cosu T
IZ f,(u)du Z'[Z f,(u)du , thQUdUZIszU , J.ﬁd _?% —IS o5t ___i ,

X 2 2 2 2 2 2
In(cosu)ﬂgx——”— : In(cosx)—ln(coszjsx——ﬂ— : In(cosx)—lnﬁsx——”— :

5 2 72 6 2 72 2 2 72

Problem 4. Prove; lim———

dt—

X241 1
Solution: First we will calculate the integral | =L In(l+—}dt.

Jt

241 1 1 \x2+1 ex2a 1
| = In|1+— |[dt=t.In| 1+ — — tdin| 1+ — |=
e ey A (5]

1 _3

1 th(_zjtz
=(x2+1)ln(l+—j—ln2—'[ A2 Gi=
2+1 . 1+1

" N




:(x2+l)ln 1+ ! —In2+EJ‘X +1Ld'[
VX +1 2% 14t
In the last integral we make a substitution y = Jt and we get

g o —Im 2y waz—(l__},y z[fﬂdy_jmd(uy)]:

1+y 1 1+y 1 1+y
Therefore

X2 +1
1
I:(x2+1)ln(1+ 21 ]—InZ—%.Z.( x2+1—1—|m/x2+1+|n2)=
X +1

—In(1+y)

i} 211 4n2)

=(x2+1)ln{1+ —IN2-Vx*+1+1+Inx?+1-In2=
e I

1
=(x2+1)ln[l+ — VX2 +1+1+InyXP 41,
\/x2+1J

Now

2, 2
1 f 1”{ Jdt_ 1, _ X+l In(1+ 1 J_ 1 .. In/x? +1_
X +1 x2+1 X +1 X°+1 X +1 x?+1
bt et e U ) et

f 2
=VX2+ In(1+ J ! +1+ In VX 1
U2+1) Jx¢+1 X2 +1
f 2
=In 1+—1 - ! +1+ Inyx +1.
Jx2+1 VX2 +1 VX2 +1

Let u=+/x*+1.Then u—o and

L= lim——— j +1In£1+i]dtzlim |n(1+1j 1y Inut
X—)oo\/ﬁ \/t_ u—o0 u u u

. 1Y . 1Y Inu T
I|mIn(1+—J :Inllm[1+—j =Ine=1, limL—o0and limY = limY =lim~ =0 hence
U—0 u U—0 u u—o u—o | u~>001 u—o ]

L=2.

X2 +1




